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Abstract

Joint diagonalization has attracted much attention and many algorithms have been presented so far. However, some ambiguities still
exist in the objective functions for joint diagonalization. In this paper, some criterions are proposed to eliminate the above ambiguities at
first, and then a new objective function which satisfies these criterions is presented. The new objective function introduces diagonal con-
straints for joint diagonalization, thus the trivial and unbalance solutions are excluded easily. Exactly jointly diagonalizable theorem is
built to interpret the reasonableness of the new objective function and the conjugate gradient method is used to provide fast and reliable
convergence. Finally, non-orthogonal joint diagonalization algorithm with diagonal constraints (DDiag) is developed. Simulations show
that DDiag is efficient and robust.
� 2008 National Natural Science Foundation of China and Chinese Academy of Sciences. Published by Elsevier Limited and Science in
China Press. All rights reserved.
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1. Introduction

Given a matrix pencil {Rk:k = 1,2,� � �,K}, joint diagonal-
ization (JD) tries to find a matrix W, which makes WRkWH

as diagonal as possible for all k. When K = 2, this problem
can be simply solved via the generalized eigenvalue decom-
position (GED), but when K > 2, this problem is rather
complicated. JD has attracted much attention, because of
its wide application in blind source separation (BSS)
[1,2], beam forming [3] and so on. In this paper, superscript
H means the conjugate transpose; k � kF denotes Frobenius
norm, and the matrix W is simply called a diagonalizer for
{Rk:k = 1,2,� � �,K}. Rk is an N � N Hermitian matrix and I
is the N � N identical matrix. U = eig(A,B) is the GED of
A and B, U is their eigenvector matrix.

Up to now, there have been many algorithms to tackle
JD. These algorithms mainly use the following two objec-
tive functions:

(i) Minimization of diagonalization error. They use the
following objective function:

min
W

F ðWÞ ¼
X

k
kkoff ðWRkWHÞ; ð1Þ

where off ðMÞ ¼
P

i6¼jM
2
ij , kk are weight factors. Because

(1) does not need to consider the diagonal elements, (1) is
relatively easy to optimize. However, there are trivial solu-
tions in (1), for instance, W = 0. So, additional constraints
on W are necessary. According to the background of JD,
Cardoso developed the Given rotations-based algorithms
which restricted W to be orthogonal [4]. Unfortunately
sometimes the orthogonality restriction is too tight. Later
Ziehe proposed non-orthogonal FFDiag algorithm and re-
quired W to be invertible [5]. Vollgraf imposed row norm
constraints on W [6].

(ii) Minimization of subspace fitting error. These algo-
rithms use the following objective function:

min
V ;K

EðV ;KÞ ¼
X

k

kkkRk � VKkVHk2
F ð2Þ
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Here, V is actually the estimation of the inverse of W.
Model (2) excludes trivial solutions and need no additional
constraints on V, but, it has to estimate the diagonal matrix
Kk corresponding to Rk. In fact, the optimizing of (2) is
very difficult, and currently the method used is optimizing
the columns of V and diagonal matrix Kk alternately,
ACDC is a representative of this kind of algorithms [2].

An objective function which need no additional con-
straints on W was proposed by Pham, but restriction on
{Rk} arose: each matrix for diagonalization must be posi-
tively definite. This restriction hindered its application in
practice. Because the optimization of (2) is too difficult,
currently most work is mainly concentrated on the
improvements of (1). FFDiag updates W by a series of
strictly diagonally dominant matrices. Vollgraf imposed
column norm constraints on W to avoid trivial and unbal-
ance solutions, but it was proved that it is unable to
exclude degeneration solutions [7].

Lastly Li proposed the following objective function [7]:

min
W

JðW Þ ¼
X

k

kkoff ðWRkWHÞ � b log j det W j: ð3Þ

Notice that J(W) ? +1 as W ? some singular matrix, so
this model can avoid trivial and degenerate solutions
strictly. However, there are flaws in (3): (i) if {Rk} is exactly
jointly diagonalizable and

P
kkkoff ðWRkWH Þ ¼ 0, then

logjdet Wj? +1, thus kWkF ? +1, the algorithm can-
not converge at all. This point is also confirmed by simula-
tions. (ii) Similar to [2,6], the optimization method seems
unreliable, since optimal solution with respect to each col-
umn of W cannot guarantee an optimal solution with re-
spect to W.

There are also many other objective functions, but they
often have the following common limitations. That W is
invertible is a necessary condition, but is it sufficient? To
(1), (3), even if W is not degenerate, and off-diagonal ele-
ments are vanished, may these go with nearly vanishing
diagonal elements? If these do, the solution is not the
desired. We think of a well-defined model for JD which
should satisfy the following criterions: (1) the objective
function should be explicit, but not ambiguous. Such as
(1), it does minimize the off-diagonal elements, but a direct
optimization leads to trivial solutions; (2) diagonal ele-
ments should be taken into consideration, that is, it should
be guaranteed that the diagonal elements will not vanish
with vanishing off-diagonal elements; (3) the objective
function is easy to optimize. Model (2) is difficult to opti-
mize, and the optimization in Refs. [2,6,7] seems unreliable;
(4) the solution space is not redundant, that is, the objective
function has the ability of merging the essentially equiva-
lent solutions. This ability will make the solution space as
simple as possible. Concretely, for model (1), let invertible
matrix W0 be the ideal solution of (1) with F(W0) = 0, then
for any invertible diagonal matrix D, DW0 is also the solu-
tion of (1), so the row norm indeterminacy exists. The col-
umn norm indeterminacy exists in (2). As to (3), ifP

kkkoff ðWRkWHÞ ¼ 0 then kWkF ? +1. Even if these

indeterminacies may not affect the quality of diagonaliza-
tion occasionally, they will hamper the efficiency of optimi-
zation. In view of these points, a new objective function
and its optimization scheme will be proposed by this paper,
and hope to realize the above purposes.

The remainder of this paper is organized as follows: in
Section 2, exactly jointly diagonalizable theorem is built,
and thus the relationship between exact JD and GED is
revealed. In Section 3, non-orthogonal JD algorithm with
diagonal constraints (DDiag) is developed. Comparisons
between existing popular algorithms are provided in Sec-
tion 4. Finally, Section 5 is devoted to the conclusions.

2. Exactly jointly diagonalizable theorem

For a given matrix pencil, usually we cannot achieve an
exact JD, the main reason is that the algorithms are not
good enough. Does the characteristic of the matrix pencil
determine itself? The following exactly jointly diagonaliz-
able theorem will answer this question.

Theorem 1. Given a matrix pencil {Rk} and AKkAH = Rk -
for all k 2 {1,2,� � �,K}, A is some invertible matrix and Kk is

diagonal. If there exist m, n, such that C ¼ CnC
�1
m has

distinct diagonal elements, then WA = PD. Here W is a

diagonalizer for Rm and Rn, i.e. WRmWH = Cm,

WRnWH = Cn, W and Rm are invertible matrices, Cm and
Cn are diagonal matrices. P is a permutation matrix and D is

a diagonal matrix.

Proof. Suppose C = WA, and K ¼ KnK
�1
m , then

CKC�1 = C, that is, CK = CC, where K = diag(ki),
C = diag(ki). For any i, j, Cijkj = ciCij, thus kj = ci if Cij 6¼ 0.

Since C = WA is invertible, there is at least one nonzero
element in each column of C. For any j, without loss of
generality, suppose Cij 6¼ 0, thus kj = ci. If Ckj 6¼ 0 for some
k 6¼ i, kj = ck yields from Ckjkj = Ckjck. Consequently
ci = ck holds, which conflicts with the supposition that C

has distinct diagonal elements. So there must be Ckj = 0.
As a result, there is one and only one nonzero element in
each column of C. Since C is invertible, C = PD yields.
Q.E.D.

In fact a simpler result has been presented as Theorem
4.1 in Ref. [8], where Rm should be positively definite, thus
Theorem 1 can be regarded as a generalization of that the-
orem. According to Theorem 1, if two matrices in {Rk} can
be jointly diagonalized by W (suppose the conditions in
Theorem 1 are satisfied), then the whole matrix pencil
{Rk} can either be exactly jointly diagonalized by W, or
cannot be exactly jointly diagonalized by any invertible
matrix. Since JD of two matrices can be solved via the
GED, Theorem 1 provides us a brief way to judge whether
the matrix pencil can be exactly jointly diagonalized. Thus
the following definition is useful.

Definition 1. Matrix pencil {Rk} is a well-matrix-pencil
(WMP), if it contains at least one matrix pair {Rm,Rn}
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which satisfies that {Rm,Rn} has mutual distinct general-
ized eigenvalues, and {Rm,Rn} is called a representative
matrix pair (RMP) of the WMP.

One of the most important classes of WMP is the regular
matrix pencils (a regular matrix pencil contains at least one
positively definite matrix), which have actually been studied
in Refs. [6,9]. A WMP at least contains a matrix pair which
can be exactly jointly diagonalized. If not, the matrix pencil
is thought of as an ill-matrix-pencil (IMP). Generally JD for
an IMP loses its sense for only very poor JD quality can be
achieved. So this paper concentrates on the JD for WMP.

Thus the GED of an RMP can provide a nice approxi-
mation of the diagonalizer, especially for exactly jointly
diagonalizable matrix pencil. Note that the covariance rate
defined in Ref. [10] is essentially based on GED and thus
the theorem in which is consistent to Theorem 1. Usually,
if more matrices are used for joint diagonalization, robust-
ness will be improved. In the next section, a solution for the
general WMP is proposed.

3. Non-orthogonal JD with diagonal constraints

For a general WMP, the following model is considered:

min
W

HðWÞ ¼ ð1� qÞ
X

k¼m;n

kWRkWH �Dkk2
F

þ q
X

k 6¼m;n

kkoff ðWRkWH Þ; ð4Þ

where q 2 (0,1), generally is 0.01 or 1/K, Dk is diagonal.
Model (4) means that the desired diagonalizer of the whole
matrix pencil is at least the diagonalizer of {Rm,Rn}.
According to Theorem 1, the two terms in H(W) are con-
sistent. Suppose Rm is invertible, this model can be further
simplified:

min
W

HðWÞ ¼ ð1� qÞkWRmWH �Dmk2
F

þ q
X
k 6¼m

kkoff ðWRkWH Þ: ð5Þ

Comparing (5) with (1) and (2), it can be final that the first
term is just from (2) and the second term is from (1), and
(4) integrates their advantages successfully,

(1) Since WRmWH � Dm when H(W) is minimized,
degenerate and trivial solutions are excluded.

(2) The norm of W is approximately fixed (especially if
Rm is positive definite).

(3) Diagonal constraints are provided to avoid unbal-
ance solutions.

Currently all the models try to minimize the off-diagonal
error, but few care the diagonal elements. If the diagonal
elements are minimized along with the minimization of
off-diagonal elements, the JD loses its sense. However,
model (4) provides a natural constraint for the diagonal
elements.

Now turn to the optimization of (5). As mentioned
above, many JD algorithms utilize quasi optimization
methods. They do this to make their algorithms converge
faster, but the result is that they do not guarantee a true
extremum. Gradient descent method provides reliable
extremum, but converges slowly. Joho considered Newton
methods [11], but the Hessian matrix is with the dimension
of N2 � N2. When N increases, the required storage of
computation increases rapidly, so these methods are not
good choices. This paper adopts conjugate gradient
method, for it converges much faster than the gradient des-
cent method and uses the first order gradient only.

The gradient of (5) is

rHðWÞ ¼ 4ð1� qÞðSmWRm �DmWRmÞ
þ 4q

X
k 6¼m

kkðSk � ddiagðSkÞÞWRk ð6Þ

Here, Sk = WRkWH. The outline of non-orthogonal JD
algorithm with diagonal constraints (DDiag) is displayed
below

DDiag Algorithm

Input: WMP {Rk}, and {Rm, Rn} is an RPM.
Output: diagonalizer W.
Step 1: Let U0 = eig(Rm,Rn), then W0 ¼ U H

0 and
Dm ¼ ddiagðW 0RmW H

0 Þ. g0 = $H(W0), d0 = �g0.
Step 2: While termination criterion is not satisfied

Search step factor;

W kþ1W k þ dk; gkþ1 ¼ rF ðW kþ1Þ;
b ¼ traceðgkþ1gH

kþ1Þ=traceðgkgH
k Þ;

dk ¼ �gkþ1 þ bdk

End While
Step 3: Wk is the required diagonalizer.

In practice, restart procedure of conjugate gradient
method is utilized to improve the robustness of the algo-
rithm. From steps 1 and 2, if {Rk} is exactly jointly diago-
nalizable, the exact diagonalizer is obtained immediately
from W0.

4. Simulations

Here, we only compare DDiag with the three latest algo-
rithms: FFDiag [5], QDiag [6] and Fajd [7]. In all the exper-
iments, DDiag uses the following parameters: q = 0.01, the
number of maximum iteration is 200, updating step is ini-
tialized to be 0.1, and once an update fails, the step is
halved.

According to the background of JD, {Rk} is generated
as

Rk ¼ AKkAH þ rEkEH
k ; ð7Þ

where the elements of A, Kk and Ek are drawn from a stan-
dard normal distribution, respectively. To evaluate the
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diagonalization quality, the following diagonalization error
index is adopted [5]:

errorðGÞ ¼ 1

2

X
i

X
j

jG ijj2

maxljG ilj2
� 1

 !"

þ
X

j

X
i

jG ijj2

maxljG ljj2
� 1

 !#
ð8Þ

Li proposed the following Generalized Log Likelihood Cri-
terion (GLLC) to evaluate the diagonalization quality [7]:

J GLLCðW Þ ¼
1

2

XK

k¼1

kk log
det diagðWRkW H Þ

detðWRkW H Þ

����
����

����
����: ð9Þ

But it seems that it cannot evaluate diagonalization error
accurately. For example, G1 ¼W1RWH

1 ¼
1 0:5 0
0:5 1 0
0 0 �1

2
4

3
5;G2 ¼W2RWH

2 ¼
1 0 0:5
0 1 0
0:5 0 �1

2
4

3
5; then

G1 and G2 should have the same diagonalization error,
but JGLLC(G1) = 0.1438, JGLLC(G2) = 0.1116. In addition,
WRkWHmay be singular for some k even if W is non-singu-
lar. Since (8) cannot identify degenerate solutions this pa-
per proposes the following degeneration measure (DM)
to identify generative solutions:

DMðW Þ ¼ log det
ffiffiffiffi
N
p W

kWkF

� �����
����

����
����: ð10Þ

DM(W) is non-negative, and DM(W) = +1, if W is singu-
lar. And it is easy to prove that DM(W) = 0 if and only if
W is orthogonal, which means that the best condition num-
ber of W is achieved (see Appendix). As a result, a smaller
value of DM(W) corresponds to a well-conditioned
diagonalizer.

Experiment 1: Experiments on given matrix pencils.
N = 10, K = 10, =10�6–10�1. Each algorithm runs 100
times and the average performances of diagonalization
error and degeneration measure are shown in Fig. 1a and
b, respectively.

As Fig. 1 shows, DDiag provides the smallest diagonal-
ization error. The degeneration measures of the solutions
obtained by FFDiag and Fajd are the smallest; this fact
can be conjectured, for Fajd and FFDiag utilize very
strong invertible criterions. However, all the degeneration
measures are acceptable.

We also found that for exactly jointly diagonalizable
matrix pencils, FFDiag, QDiag and DDiag can obtain an
exact diagonalizer, but Fajd cannot converge. The main
reason is that Fajd has to use the inverse matrix of Qi

(see Eq. (25) in Ref. [7] and Qi is defined by Eq. (15) in
the same reference). In fact, when the matrix pencil is
exactly or nearly exactly jointly diagonalizable, i.e.
there exists a non-singular matrix which satisfiesPK

k¼1off ðWRkWT Þ � 0, the matrix Qi is either a singular
matrix or is even equal to the zero matrix after iterations
for Fajd.

Fig. 2 is their time consumption when they run on an
AMD Athlon 64 (1.8 GHz) processor with 448 MB of
RAM. From Fig. 2, it can be seen that FFDiag is still
the fastest; DDiag is slightly faster than QDiag, but much
faster than Fajd.

Experiment 2: Applications in BSS. BSS has received
much attention for more than two decades, and many algo-
rithms have been presented [8,12]. BSS is one of the most
important applications of JD, in this module we will eval-
uate their performances in BSS. The sources are from ICA-
LAB benchmarks [13], and Speech8 and Aacspeech16 are
picked out. Acspeech16 contains 16 typical speech signals
which have a temporal structure but they are not precisely
independent. In each run total 20 autocorrelation matrices
are generated (see Ref. [1] for details), and time delay is 1.
Non-singular mixing matrix A is generated randomly in
each run. Cross-talking error is widely used to evaluate
the separation accuracy [8]. For cross-talking error is

Fig. 1. Diagonalization error and degeneration measure with increasing
r.

Fig. 2. Time consumption of each algorithm.
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equivalent to (8), here (8) is used to evaluate the separation
quality for convenience: Suppose W is the diagonalizer,
WA should be as close to a generalized permutation matrix
as possible. If error(WA) = 0, the sources are accurately
recovered. Their average performance in 100 independent
runs is shown in Table 1. Table 1 also shows that DDiag
performs slightly better than the others.

5. Conclusions

This paper analyzes the main difficulties and ambiguities
in JD, and proposes a well-defined objective function for
JD. Aiming at WMP, non-orthogonal JD with diagonal
constraints (DDiag) are proposed. By comparison, it has
been found that FFDiag, Fajd, QDiag and DDiag perform
very well for WMP. Fajd can avoid trivial and singular
solutions strictly, however, its convergences are relatively
slow. Especially, a hidden trouble exists in its optimization.
DDiag converges fast, and provides the chance to obtain
the best diagonalization qualities. However, when N
increases, the optimization is relatively harder, although a
nice diagonalization quality always can be obtained if we
are sufficiently patient and careful in the set of parameters.
We are expecting a better optimization method for model
(5). Also, JD can only be applied in linear instantaneous
mixing models and convolutive BSS (CBSS) is, till full of
challenges. In Ref. [12], the authors addressed a novel
CBSS algorithm that exploits the sparsity of source signals
in frequency domains. This algorithm is maximum a poste-
riori-based and has good performance. We hope to develop
new JD-based algorithms for CBSS in the future.
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Appendix

Suppose W is an N � N square real matrix, and
kWkF ¼

ffiffiffiffi
N
p

. Then jdetWtj 6 1, and jdetWj = 1 if and only
if WWT = 1.

Proof. If W is singular, detW=0 < 1. Let W be non-
singular and C = WWT, notice that kWkF ¼

ffiffiffiffi
N
p

, then
trace(C) = N, C is positively definite. Suppose k1, k2, � � �, kN

are the eigenvalues of C, then

traceðCÞ ¼
XN

i¼1

ki ¼ N

detðCÞ ¼
YN
i¼1

ki

Because

detðCÞ ¼
YN
i¼1

ki 6
k1 þ k2 þ � � � þ kN

N

� �N

¼ 1

Thus det(C) = jdet(WWT)j = jdet(W)j2 6 1, so jdet(W)j 6
1 and jdet(W)j = 1 if and only if k1 = k2 = � � � = kN = 1,
that is, C = WWT = I. Q. E. D.
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